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GEOMETRIC ASPECTS OF STURM-LIOUVILLE PROBLEMS II.
SPACE OF BOUNDARY CONDITIONS

FOR LEFT-DEFINITENESS

KEVIN HAERTZEN, QINGKAI KONG, HONGYOU WU, AND ANTON ZETTL

Abstract. For a given regular Sturm-Liouville equation with an indefinite
weight function, we explicitly describe the space of left-definite selfadjoint
boundary conditions. The description only uses one value of a fundamental
solution of the matrix form of the equation. As a consequence we show that
this space has the shape of a solid consisting of two cones sharing a common
base.

We continue to study spectral problems associated with a regular Sturm-Liouville
equation (SLE), i.e.,

(0.1) −(py′)′ + qy = λwy on (a, b),

where λ ∈ C is the so-called spectral parameter,

(0.2) −∞ ≤ a < b ≤ +∞, 1/p, q, w ∈ L((a, b),R).

Here L((a, b),R) denotes the space of Lebesgue integrable real-valued functions on
(a, b).

In this paper, we consider the indefinite case where

p > 0 a.e. on (a, b), w 6= 0 a.e. on (a, b),(0.3)

m({t ∈ (a, b); w(t) > 0}) > 0, m({t ∈ (a, b); w(t) < 0}) > 0,(0.4)

where for a Lebesgue measurable set S ⊆ R, m(S) is the measure of S. The
weight function w is said to be indefinite when (0.4) holds, and definite when it is
either positive a.e. on (a, b) or negative a.e. on (a, b). Under the assumptions (0.3)
and (0.4), the Sturm-Liouville problem (SLP) consisting of (0.1) and a selfadjoint
boundary condition (BC) may have non-real eigenvalues (see, for example, [6] and
the references therein). A major question about such a problem, i.e., how many
non-real eigenvalues it has, is still open. Nevertheless, there is a subclass of such
problems, the so-called left-definite (LD) ones, which have only real eigenvalues. A
characterization of the LD problems is well known (see, for example, [5]). To state
it, we also consider the associated right-definite (RD) equation

(0.5) −(py′)′ + qy = ζ|w|y on (a, b)
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of (0.1). Note that ζ is used in (0.5) as the spectral parameter. The existing
characterization says that the SLP consisting of (0.1) and a selfadjoint BC is LD
if and only if the SLP consisting of the associated RD equation (0.5) and the same
BC has only positive eigenvalues, i.e., if and only if the first eigenvalue of the
latter problem is positive. Since the first Dirichlet eigenvalue ζDDD0 is the maximum
of the first eigenvalue ζ0 of (0.5) on the space of selfadjoint BC’s [4], the above
characterization implies that the space of LD selfadjoint BC’s is non-empty if and
only if ζDDD0 > 0. However, this characterization does not give a description of the
space of LD selfadjoint BC’s.

In this paper, we give an explicit description of the space of LD selfadjoint BC’s.
The same is achieved for the space of semi-left-definite (SLD) selfadjoint BC’s.
Both descriptions only use one value of a fundamental solution of the matrix form
of (0.1).

The main ideas in this work can be explained as follows. By the known char-
acterization, the space BCL of LD selfadjoint BC’s is the subset of the space BC of
selfadjoint BC’s where ζ0 > 0. If ζ0 were continuous on BC, then BCL would be
bounded by (part of) the zero set of ζ0. However, ζ0 has a non-empty discontinuity
set, to be called the jump set: ζ0 always jumps to −∞ on one side of this set [4].
The jump set contains the Dirichlet BC. Thus, BCL is bounded by (part of) both
the zero set and the jump set. These two sets are determined in [3] and [4]. Let PC
be the union of these two sets. Then, on each connected component of the comple-
ment of PC in BC, ζ0 does not change sign. The signs of ζ0 on these components
can be determined in terms of some monotonicity results about ζ0 on the space of
separated selfadjoint BC’s in [2] and some geometric coordinate transformations on
BC introduced in [3]. We thus see which components are in BCL and hence obtain
a description of BCL . Let Φ be the fundamental solution of the matrix form of (0.1)
satisfying Φ(a, ·) = I, and set C = Φ(b, 0). Note that one gets the same matrix C
if (0.5) is used instead of (0.1). From [3] and [4] we know that the zero set only
depends on C and the jump set is independent of the differential equation (0.5).
So, our description of BCL only uses the constant matrix C.

As a by-product of our description of the space of SLD selfadjoint BC’s, for a
given SLE with a positive leading coefficient and a definite weight function, we
obtain the collection of selfadjoint BC’s whose first eigenvalue is equal to the first
Dirichlet eigenvalue. Our approach here can be modified to yield the level surfaces
of the n-th eigenvalue of such an equation for each n ∈ N. We will do this in the
next paper of this series.

We also show that BCL is diffeomorphic to a solid consisting of two cones sharing
a common base. Half of the boundary of this solid does not belong to BCL , while
the space BCSL of SLD selfadjoint BC’s is the closure of BCL . When BCL is empty and
BCSL is not, BCSL is a simple smooth curve joining the Dirichlet BC to the unique
coupled BC having 0 as a double eigenvalue.

For each r ∈ R, the concepts of so-called r-left-definiteness and r-semi-left-
definiteness were introduced in [5]. Our results here easily extend to cover this
more general case. We omit the details.

The organization of this paper is as follows. In Section 1, we introduce our
notation, recall some basic results and prove a couple of lemmas. To better illustrate
the main ideas of our approach and also prepare for dealing with general selfadjoint
BC’s, we first single out in Section 2 the separated LD selfadjoint BC’s. Section
3 is devoted to determining the real LD selfadjoint BC’s, while Section 4 contains
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the complex case. In Section 5, we then find the geometric shapes of the spaces of
real and complex LD selfadjoint BC’s.

§1. Notation and basic results

In this section, in addition to defining our notation, we work out some decom-
positions of the space of selfadjoint BC’s, summarize some basic results about the
LD problems and recall some facts about the eigenvalues of (0.5).

For any m,n ∈ N, we use Mm,n(C) to denote the vector space of m by n com-
plex matrices and M∗m,n(C) its open subspace consisting of the elements with the
maximum rank min{m,n}, while Mm,n(R) and M∗m,n(R) are the real analogs of
Mm,n(C) and M∗m,n(C), respectively. Let GL(2,C) be the Lie group of invertible
complex matrices in dimension 2 and SL(2,R) its subgroup consisting of the real
elements having determinant 1. When a capital Latin or Greek letter stands for a
matrix, the entries of the matrix will always be denoted by the corresponding lower
case letter with two indices.

Following [3], we will take the quotient space

(1.1) GL(2,C)\M∗2,4(C)

as the space of BC’s, i.e., each BC is an equivalence class of coefficient matrices
(with the elements of GL(2,C) multiplying from the left) of linear systems

(1.2) (A |B)


y(a)

(py′)(a)
y(b)

(py′)(b)

 = 0

with rank (A |B) = 2, and the BC represented by the linear system (1.2) will be
denoted by [A |B]. Note here that square brackets, not parentheses, are used. Usual
bold faced capital Latin letters, such as AAA, will also be used for BC’s.

Motivated by the right-definite theory, a BC [A |B] is said to be selfadjoint if

(1.3) A

(
0 1
−1 0

)
A∗ = B

(
0 1
−1 0

)
B∗,

where A∗ is the complex conjugate transpose of A. The space BR of real selfadjoint
BC’s consists of the separated real BC’s and the coupled real BC’s of the form
[K | −I] with K ∈ SL(2,R). By Theorem 3.9 in [3], BR is a connected and compact
analytic 3-dimensional manifold. It can be obtained by “gluing” the open sets

OR1 = OR6 = {[K | − I]; K ∈ SL(2,R)},(1.4)

OR2 =
{[

1 a12 0 a22

0 a22 −1 b22

]
; a12, a22, b22 ∈ R

}
,(1.5)

OR3 =
{[

1 a12 −a22 0
0 a22 b21 −1

]
; a12, a22, b21 ∈ R

}
,(1.6)

OR4 =
{[
a11 1 0 −a21

a21 0 −1 b22

]
; a11, a21, b22 ∈ R

}
,(1.7)

OR5 =
{[
a11 1 a21 0
a21 0 b21 −1

]
; a11, a21, b21 ∈ R

}
(1.8)

via the coordinate transformations among these open sets. Note that the topology
on SL(2,R) is the one induced from the usual topology on the space M2,2(R), and
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each of the four open sets in (1.5)–(1.8) can be identified with R3. A BC [A |B] is
selfadjoint if and only if either it is a real selfadjoint BC or [A |B] = [eiθK | −I] with
θ ∈ (0, π) and K ∈ SL(2,R). By Theorem 3.11 in [3], the space BC of selfadjoint
BC’s is a connected and compact analytic 4-dimensional real manifold. It can be
obtained by “gluing” the open sets

OC1 = OC6 =
{

[eiθK | − I]; θ ∈ [0, π), K ∈ SL(2,R)
}
,(1.9)

OC2 =
{[

1 a12 0 z
0 z −1 b22

]
; a12 ∈ R, z ∈ C, b22 ∈ R

}
,(1.10)

OC3 =
{[

1 a12 −z 0
0 z b21 −1

]
; a12 ∈ R, z ∈ C, b21 ∈ R

}
,(1.11)

OC4 =
{[
a11 1 0 −z
z 0 −1 b22

]
; a11 ∈ R, z ∈ C, b22 ∈ R

}
,(1.12)

OC5 =
{[
a11 1 z 0
z 0 b21 −1

]
; a11 ∈ R, z ∈ C, b21 ∈ R

}
(1.13)

via the coordinate transformations among these open sets. Note that the topology
on the open set in (1.9) is the one induced from the usual topology on the space
M2,2(C), and each of the four open sets in (1.10)–(1.13) can be identified with R4.

The Lie group SL(2,R) acts on BR and BC from the right (see §3 of [3]) and the
actions are given by

(1.14) [A |B]•K = [AK |B]

for [A |B] ∈ BC and K ∈ SL(2,R).
Let DDD be the Dirichlet BC, DN the Dirichlet-Neumann BC, ND the Neumann-

Dirichlet BC, NNN the Neumann BC, and set

KR =
{[

1 a2 0 r
0 r −1 b2

]
; a2, b2, r ∈ R, a2b2 = r2

}
,(1.15)

MR =
{[
r 0 −1 0
0 1/r 0 −1

]
; r ∈ R∗

}
∪ {DN,ND},(1.16)

KC =
{[

1 a2 0 z
0 z −1 b2

]
; a2, b2 ∈ R, z ∈ C, a2b2 = zz

}
,(1.17)

MC =
{[

eiθr 0 −1 0
0 eiθ/r 0 −1

]
;

r ∈ R∗
θ ∈ [0, π)

}
∪ {DN,ND},(1.18)

where R∗ = R \ {0}. Note that KR is a cone in OR2 ' R3 and MR is a circle in BR,
while KC is a cone in OC2 ' R4 and MC is a sphere in BC.

Lemma 1.19. For any K ∈ SL(2,R), we have that

BR = OR5 ∪KR ∪MR =
(
OR5 •K

)
∪
(
KR•K

)
∪
(
MR

•K
)
,(1.20)

KR = KR ∪MR, KR•K =
(
KR•K

)
∪
(
MR

•K
)
, OR5 = OR5 •K = BR,(1.21)

BC = OC5 ∪KC ∪MC =
(
OC5 •K

)
∪
(
KC•K

)
∪
(
MC

•K
)
,(1.22)

KC = KC ∪MC, KC•K =
(
KC•K

)
∪
(
MC

•K
)
, OC5 = OC5 •K = BC.(1.23)

All these unions are disjoint.
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Proof. Since a BC

(1.24)
[
1 a2 0 r
0 r −1 b2

]
∈ OR2

is not in OR5 if and only if

(1.25) a2b2 − r2 =
∣∣∣∣a2 r
r b2

∣∣∣∣ = 0,

we have that

(1.26) OR2 \ OR5 = KR.

Similarly,

OR6 \ OR5 \ OR2 =
{[
r 0 −1 0
0 1/r 0 −1

]
; r ∈ R∗

}
,(1.27)

OR3 \ OR5 \ OR2 \ OR6 = {DN},(1.28)

OR4 \ OR5 \ OR2 \ OR6 \ OR3 = {ND}.(1.29)

Therefore,

(1.30) BR = OR5 ∪ OR2 ∪ OR6 ∪OR3 ∪ OR4 = OR5 ∪ KR ∪MR

with OR5 , KR and MR mutually disjoint. Since the action of K on BR is a diffeo-
morphism of BR onto itself, (1.30) implies that

(1.31) BR =
(
OR5 •K

)
∪
(
KR•K

)
∪
(
MR

•K
)
,

a disjoint union. This completes the proof of (1.20). Similarly, one proves (1.22).
Since KR and MR have dimensions less than that of BR, (1.30) yields that

OR5 = BR. Similarly, (1.31) implies that OR5 •K = BR. Since OR5 is open, from
(1.30) one deduces that KR ⊆ KR ∪MR. For any r ∈ R∗, from

(1.32)
[
r 0 −1 0
ε 1/r 0 −1

]
∈ OR2 \ OR5 = KR for ε > 0

we obtain

(1.33)
[
r 0 −1 0
0 1/r 0 −1

]
∈ KR.

Thus,

(1.34)
{[
r 0 −1 0
0 1/r 0 −1

]
; r ∈ R∗

}
⊂ KR,

which also implies that {DN,ND} ⊂ KR. Therefore,

(1.35) KR = KR ∪MR,

and hence

(1.36) KR•K =
(
KR•K

)
∪
(
MR

•K
)
.

This finishes the proof of (1.21), and (1.23) can be shown in the same way. �
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For each λ ∈ C, let φ11(·, λ) and φ12(·, λ) be the solutions of (0.1) determined
by the initial conditions

(1.37) φ11(a, λ) = 1, (pφ′11)(a, λ) = 0, φ12(a, λ) = 0, (pφ′12)(a, λ) = 1.

We will denote pφ′11 and pφ′12 by φ21 and φ22, respectively. Set

(1.38) Φ(t, λ) =
(
φ11(t, λ) φ12(t, λ)
φ21(t, λ) φ22(t, λ)

)
, t ∈ [a, b], λ ∈ C.

Then, Φ(t, λ) satisfies the matrix form of (0.1), i.e.,

(1.39) Φ′(t, λ) =
(

0 1/p(t)
q(t)− λw(t) 0

)
Φ(t, λ) on (a, b),

and Φ(a, ·) = I. We will call Φ the principal matrix of (0.1). Note that we can
define the principal matrix for any regular SLE. In particular, we will do this for
(0.5) later.

Now, we introduce the basic concepts of left-definiteness and semi-left-definite-
ness. For more details, see [5]. We will abbreviate the space ACloc((a, b),C) of
functions that are absolutely continuous on all compact subintervals of (a, b) as
ACloc.

Definition 1.40. For the SLP consisting of (0.1) and a BC [A |B] ∈ BC, define
two subspaces of the weighted Hilbert space L2 = L2((a, b),C; |w|) by

Γmax =
{
f ∈ L2; f, pf ′ ∈ ACloc, [−(pf ′)′ + qf ]/|w| ∈ L2

}
,(1.41)

Γ =
{
f ∈ Γmax; A

(
f(a)

(pf ′)(a)

)
+B

(
f(b)

(pf ′)(b)

)
= 0
}
,(1.42)

and a functional τ on Γ by

(1.43) τf =
∫ b

a

[−(pf ′)′f̄ + q|f |2].

Then, the problem is said to be left-definite (LD) if τ is definite on Γ , i.e., either
τf > 0 for all f 6≡ 0 in Γ or τf < 0 for all f 6≡ 0 in Γ ; it is said to be semi-left-
definite (SLD) if τ is semi-definite on Γ , i.e., either τf ≥ 0 for all f ∈ Γ or τf ≤ 0
for all f ∈ Γ .

The following characterization of left-definiteness has been mentioned in the
introduction and is taken from Theorem 2.1 in [5]. The characterization of semi-
left-definiteness is very similar.

Theorem 1.44. The following three statements are equivalent to each other.
i) The Sturm-Liouville problem consisting of (0.1) and a selfadjoint boundary

condition is left-definite.
ii) The functional τ is positive definite on Γ .
iii) The eigenvalues of the right-definite problem consisting of (0.5) and the

same boundary condition are all positive.
The following three statements are also equivalent to each other.

i′) The Sturm-Liouville problem consisting of (0.1) and a selfadjoint boundary
condition is semi-left-definite.

ii′) The functional τ is non-negative definite on Γ .
iii′) The eigenvalues of the right-definite problem consisting of (0.5) and the

same boundary condition are all non-negative.
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Remark 1.45. By Proposition 2.1 in [5], for Theorem 1.44 to hold, the function |w|
in (0.5) can be replaced by any positive and integrable function on (a, b).

Proposition 1.46. i) There is a left-definite selfadjoint boundary condition for
(0.1) if and only if the Dirichlet boundary condition is such a boundary condition,
i.e., if and only if the lowest Dirichlet eigenvalue of (0.5) is positive.

ii) There is a semi-left-definite selfadjoint boundary condition for (0.1) and no
left-definite selfadjoint boundary condition for (0.1) if and only if the Dirichlet
boundary condition is semi-left-definite for (0.1) but not left-definite for (0.1), i.e.,
if and only if the lowest Dirichlet eigenvalue of (0.5) equals 0.

Proof. These two facts are direct consequences of Theorem 1.44 above and Theorem
4.1 in [4]: the first eigenvalue of (0.5) takes its maximum at DDD. �

The following result, also mentioned in the introduction, shows the importance
of the concepts of left-definiteness and semi-left-definiteness. Its proof is elementary
and hence omitted.

Theorem 1.47. If the Sturm-Liouville problem consisting of (0.1) and a selfadjoint
boundary condition is left-definite or semi-left-definite, then its eigenvalues are all
real.

Next, we recall some facts about the eigenvalues of (0.5). For every AAA ∈ BC and
each n ∈ N0 := {0, 1, 2, 3, ...}, let ζn(AAA) denote the (n+ 1)-th eigenvalue of the SLP
consisting of (0.5) and AAA. We also use the abbreviations ζDDDn = ζn(DDD), etc. Let
Ψ(t, ζ) = (ψij(t, ζ))2×2 be the principal matrix of (0.5). Then,

(1.48) Ψ(b, 0) = Φ(b, 0).

Lemma 1.49. If ζDDD0 > 0, then ψ12(b, 0) > 0; if ζDDD0 = 0, then ψ12(b, 0) = 0; in both
cases, ζn(AAA) > 0 for all AAA ∈ BC and n ≥ 2.

Proof. By Lemma 2.1 in [3] and direct calculations, ζ ∈ R is an eigenvalue for DDD
if and only if ψ12(b, ζ) = 0. Hence, if ζDDD0 = 0, then ψ12(b, 0) = 0. Moreover, by
Theorem 3.1 in [1] or the Sturm Comparison Theorem, ψ12(b, ζ) > 0 when ζ < ζDDD0 .
Thus, if ζDDD0 > 0, then ψ12(b, 0) > 0.

In both cases, by Theorem 4.1 in [4],

(1.50) ζn(AAA) > ζDDDn−2 ≥ 0 for AAA ∈ BR, n ≥ 2.

This completes the proof. �

For any α ∈ (0, π] and β ∈ [0, π), let

(1.51) SSSα,β =
[
cosα sinα 0 0

0 0 cosβ sinβ

]
.

Then, the set T of separated selfadjoint BC’s consists of these SSSα,β ’s and is topolog-
ically a torus. Note that SL(2,R) also acts on T . Moreover, SSSα,β can be defined for
any α, β ∈ R, and sometimes normalizations of the ranges of α and β different from
the ones given just before (1.51) will be used. The following result is established in
[2].
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Lemma 1.52. For any n ∈ N0, as a function of (α, β), ζn(SSSα,β) is continuous on
(0, π] × [0, π), strictly increasing in α, and strictly decreasing in β. Moreover, for
each α ∈ (0, π],

(1.53) lim
β→π−

ζ0(SSSα,β) = −∞, lim
β→π−

ζn(SSSα,β) = ζn−1(SSSα,0) for n ∈ N,

and for each β ∈ [0, π),

(1.54) lim
α→0+

ζ0(SSSα,β) = −∞, lim
α→0+

ζn(SSSα,β) = ζn−1(SSSπ,β) for n ∈ N.

In order to describe the discontinuities of ζn on BR, we let

FR− = {[K | − I]; K ∈ SL(2,R), k11k12 ≤ 0},(1.55)

GR− =
{[
a1 1 0 −r
r 0 −1 b2

]
; b2 ≤ 0, a1, r ∈ R

}
,(1.56)

HR− =
{[

1 a2 −r 0
0 r b1 −1

]
; a2 ≤ 0, b1, r ∈ R

}
,(1.57)

FR+ = OR6 \ FR−, GR+ = OR4 \ GR−, HR+ = OR3 \ HR−,(1.58)

IR− =
{[

1 a2 0 r
0 r −1 b2

]
; a2, b2 ≤ 0, r ∈ R, a2b2 ≥ r2

}
,(1.59)

IR+ =
{[

1 a2 0 r
0 r −1 b2

]
; a2, b2 > 0, r ∈ R, a2b2 > r2

}
,(1.60)

IR0 = OR2 \ (IR− ∪ IR+),(1.61)

J R =
{

[K | − I]; K ∈ SL(2,R), k12 = 0
}

(1.62)

∪
{[
a1 a2 0 0
0 0 b1 b2

]
∈ BR; a2b2 = 0

}
.

Note that the coupled BC’s in J R are all in FR−, and

(1.63) J R ∩ T = (J R ∩ GR−) ∪ (J R ∩HR−) ∪ {DDD}.
The following is Theorem 3.39 in [4].

Theorem 1.64. The function ζ0 on BR is continuous on BR\J R and discontinuous
at each point of J R. For n ∈ N, the function ζn is continuous on BR \ J R and
at each coupled boundary condition in J R where ζn = ζn−1, and is discontinuous
at any other point of J R. More precisely, for each coupled boundary condition
AAA ∈ J R, the restriction of ζn to FR− is continuous at AAA for n ∈ N0 and

(1.65) lim
FR+3BBB→AAA

ζ0(BBB) = −∞, lim
FR+3BBB→AAA

ζn(BBB) = ζn−1(AAA) for n ∈ N;

for each AAA ∈ J R ∩ GR−, the restriction of ζn to GR− is continuous at AAA for n ∈ N0,
and

(1.66) lim
GR+3BBB→AAA

ζ0(BBB) = −∞, lim
GR+3BBB→AAA

ζn(BBB) = ζn−1(AAA) for n ∈ N;

for each AAA ∈ J R ∩HR−, the restriction of ζn to HR− is continuous at AAA for n ∈ N0,
and

(1.67) lim
HR+3BBB→AAA

ζ0(BBB) = −∞, lim
HR+3BBB→AAA

ζn(BBB) = ζn−1(AAA) for n ∈ N;
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while the restriction of ζn to IR− is continuous at the Dirichlet boundary condition
DDD for n ∈ N0 and

lim
IR0∪IR+3BBB→DDD

ζ0(BBB) = lim
IR+3BBB→DDD

ζ1(BBB) = −∞,(1.68)

lim
IR03BBB→DDD

ζn(BBB) = ζn−1(DDD) for n ∈ N,(1.69)

lim
IR+3BBB→DDD

ζn(BBB) = ζn−2(DDD) for n ≥ 2.(1.70)

Remark 1.71. The real jump set J R does not depend on the SLE (0.5). It is easy
to verify that [A |B] ∈ BR is in J R if and only if the (2,1)-entry in BtAc is 0, where
Bt is the transpose of B and Ac is the matrix of cofactors of A.

In order to describe the discontinuities of ζn as a function on BC, we set

FC− =
{

[eiθK | − I]; K ∈ SL(2,R), k11k12 ≤ 0, θ ∈ [0, π)
}
,(1.72)

GC− =
{[
a1 1 0 −z
z 0 −1 b2

]
; b2 ≤ 0, a1 ∈ R, z ∈ C

}
,(1.73)

HC− =
{[

1 a2 −z 0
0 z b1 −1

]
; a2 ≤ 0, b1 ∈ R, z ∈ C

}
,(1.74)

FC+ = OC6 \ FC−, GC+ = OC4 \ GC−, HC+ = OC3 \ HC−,(1.75)

IC− =
{[

1 a2 0 z
0 z −1 b2

]
; a2, b2 ≤ 0, z ∈ C, a2b2 ≥ zz

}
,(1.76)

IC+ =
{[

1 a2 0 z
0 z −1 b2

]
; a2, b2 > 0, z ∈ C, a2b2 > zz

}
,(1.77)

IC0 = OC2 \ (IC− ∪ IC+),(1.78)

J C =
{

[eiθK | − I]; K ∈ SL(2,R), k12 = 0, θ ∈ [0, π)
}

(1.79)

∪
{[
a1 a2 0 0
0 0 b1 b2

]
∈ BR; a2b2 = 0

}
.

Note that the separated BC’s in J C other than the Dirichlet BC are in GC− ∪ HC−.
The following is Theorem 3.73 in [4].

Theorem 1.80. The conclusions of Theorem 1.64 still hold when the superscripts
R in them are replaced by C.

Remark 1.81. The jump set J C does not depend on the SLE (0.5). It is easy to
verify that [A |B] ∈ BC is in J C if and only if the (2,1)-entry in BtAc is 0.

§2. Separated boundary conditions

In this section, we determine the separated LD selfadjoint BC’s. In addition to
the notation SSSα,β defined in (1.51), we also use the abbreviation

(2.1) C =
(
c11 c12

c21 c22

)
:= Φ(b, 0) = Ψ(b, 0).

Theorem 2.2. Let β0 be the zero of c12 cosβ + c22 sinβ on the interval [0, π), and
define a function f : [0, π)→ R ∪ {∞} by

(2.3) f(β) =
c11 cosβ + c21 sinβ
c12 cosβ + c22 sinβ

.
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i) If there is a left-definite selfadjoint boundary condition for (0.1), then the set
of separated left-definite selfadjoint boundary conditions for (0.1) is

(2.4)
{
SSSα,β ; 0 ≤ β < β0, arccotf(β) < α ≤ π

}
,

and the set of separated semi-left-definite selfadjoint boundary conditions for (0.1)
is

(2.5)
{
SSSα,β ; 0 ≤ β ≤ β0, arccotf(β) ≤ α ≤ π

}
.

ii) If there is a semi-left-definite selfadjoint boundary condition for (0.1) and no
left-definite selfadjoint boundary condition for (0.1), then the Dirichlet boundary
condition is the only separated semi-left-definite selfadjoint boundary condition for
(0.1).

Note that in (2.5) and the rest of this paper, we take arccot∞ = π. This is
related to the normalization of the ranges of α and β just before (1.51).

Proof. i) By (4.32) in [3] and (2.1), the set of real selfadjoint BC’s at which 0 is an
eigenvalue of (0.5) equals

(2.6) SR0 = SR•Ψ(b, 0) = SR•C,
where SR =

{
[A |B] ∈ BR; det(A + B) = 0

}
. Since a BC is separated after the

action of C if and only if it is separated, we have that

(2.7) (SR•C) ∩ T = (SR ∩ T )•C.

Thus, the set of separated selfadjoint BC’s at which 0 is an eigenvalue of (0.5)
equals

(2.8) SR0 ∩ T = (SR ∩ T )•C =
{[
g(β) h(β) 0 0

0 0 cosβ sinβ

]
; β ∈ [0, π)

}
,

where g(β) = c11 cosβ + c21 sinβ and h(β) = c12 cosβ + c22 sinβ. Our assumption
and Proposition 1.46 imply that DDD is LD for (0.1). Then, by Theorem 1.44,

(2.9) ζDDD0 > 0,

which together with Lemma 1.49 yields c12 > 0 and hence β0 > 0. The function
arccotf(β) is continuous on [0, β0] and (β0, π). Actually, the curve on T described
by

(2.10) α = arccotf(β) : [0, π) −→ (0, π]

is continuous, since it is the image of the diagonal circle on T under the action of
C. Since ζ0(SSSπ,0) = ζDDD0 > 0 and ζ0(SSSπ,β) is continuous in β on [0, π), we have that

(2.11) ζ0(SSSπ,β) > 0 for β ∈ [0, β0)

and ζ0(SSSπ,β0) ≥ 0. Since 0 is an eigenvalue of the SLP consisting of (0.5) and SSSπ,β0,
we must have

(2.12) ζ0(SSSπ,β0) = 0.

By Lemma 1.52, ζ0(SSSπ,β) is strictly decreasing in β on [0, π), from which and from
(2.12) it follows that

(2.13) ζ0(SSSπ,β) < 0 for β ∈ (β0, π).
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For each β∗ ∈ [0, β0), let α∗ = arccotf(β∗). Then α∗ ∈ (0, π), and similar arguments
on α as above yield that

ζ0(SSSα,β∗) < 0 for α ∈ (0, α∗),(2.14)

ζ0(SSSα∗,β∗) = 0,(2.15)

ζ0(SSSα,β∗) > 0 for α ∈ (α∗, π].(2.16)

By Lemma 1.52 again, (2.12) and (2.13) imply that

(2.17) ζ0(SSSα,β) < 0 for α ∈ (0, π], β ∈ [β0, π).

Hence, ζ0(SSSα,β) > 0 if and only if the inequalities in (2.4) hold, and ζ0(SSSα,β) ≥ 0
if and only if the inequalities in (2.5) are true. Therefore, by Theorem 1.44, the
proof of i) is complete.

ii) Our assumption and Proposition 1.46 imply that DDD is SLD for (0.1) but not
LD for (0.1). Then, from Theorem 1.44 it follows that ζDDD0 = 0, which together with
Lemma 1.52 yields that ζ0(AAA) < 0 for any AAA ∈ T \ {DDD}. Thus, by Theorem 1.44
again, any separated selfadjoint BC other than DDD is not SLD for (0.1). �

Remark 2.18. Our proof above plus some arguments along the same line can also
show that when DDD is LD for (0.1), ζ0 < 0 and ζ1 > 0 on the region between the two
pieces of the curve in Figure 1. The upper piece of the curve in Figure 1 consists
precisely of the separated selfadjoint BC’s where (ζ0 < 0 and) ζ1 = 0, and both
ζ0 < 0 and ζ1 < 0 on the upper left region in Figure 1.

Figure 1. The Dirichlet boundary condition is left-definite.

When the SLP consisting of (0.1) and DDD is SLD but not LD, Figure 1 becomes
Figure 2.

Figure 2, Remark 2.18 and the facts that

(2.19) DN = SSSπ,π/2, ND = SSSπ/2,0

yield the following corollary, which can, of course, be shown directly using the main
ideas in the above proof of Theorem 2.2.
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Figure 2. The Dirichlet boundary condition is semi-left-definite
but not left-definite.

Corollary 2.20. If ζDDD0 = 0, then

(2.21)
ζDN
0 < 0, ζDN

1 > 0, ζND
0 < 0, ζND

1 > 0,

ψ11(b, 0) < 0, ψ22(b, 0) < 0.

To end this section, we give a class of examples and comment on the general
case.

Example 2.22. Assume that q ≡ 0. Then, the fundamental matrix for (0.1) with
λ = 0 is

(2.23) Φ(t, 0) =

(
1
∫ t
a

ds
p(s)

0 1

)
,

and hence

(2.24) C =
(

1 c
0 1

)
, where c =

∫ b

a

dt
p(t)

> 0.

Therefore,

(2.25) β0 = arccot
−1
c
∈
(
π
2 , π

)
,

the set of separated LD selfadjoint BC’s for (0.1) is

(2.26)
{
SSSα,β ; 0 ≤ β < β0, arccot

cosβ
c cosβ + sinβ

< α ≤ π
}
,

and the set of separated SLD selfadjoint BC’s for (0.1) is

(2.27)
{
SSSα,β ; 0 ≤ β ≤ β0, arccot

cosβ
c cosβ + sinβ

≤ α ≤ π
}
.

In particular, these sets are non-empty.

Remark 2.28. In general, even though it is not possible to find the exact value of C,
one can always approximate C and hence the set (2.4) of separated LD selfadjoint
BC’s and the set (2.5) of separated SLD selfadjoint BC’s.
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§3. Real boundary conditions

In this section, we study the real (separated or coupled) LD selfadjoint BC’s.
As mentioned in the introduction, we need some results about the separated LD
selfadjoint BC’s in this study. Recall that the constant matrix C is defined in (2.1).

Theorem 3.1. i) If there is a left-definite selfadjoint boundary condition for (0.1),
then the space of real left-definite selfadjoint boundary conditions for (0.1) is{[

a1c11 + c21 a1c12 + c22 r 0
rc11 rc12 b1 −1

]
; a1 ≥ −

c22

c12
, r < −a1 + b1

2

}
(3.2)

∪
{
SSSα,0; arccot

c11

c12
< α ≤ π

}
,

and the space of real semi-left-definite selfadjoint boundary conditions for (0.1) is{[
a1c11 + c21 a1c12 + c22 r 0

rc11 rc12 b1 −1

]
; a1 ≥ −

c22

c12
, r ≤ −a1 + b1

2

}
(3.3)

∪
{
SSSα,0; arccot

c11

c12
≤ α ≤ π

}
∪
{[
c11 c12 −1 0
c21 c22 d −1

]
; d ≤ 0

}
.

ii) If there is a semi-left-definite selfadjoint boundary condition for (0.1) and no
left-definite selfadjoint boundary condition for (0.1), then c11 < 0, c12 = 0, c22 =
1/c11 < 0 and the space of real semi-left-definite selfadjoint boundary conditions for
(0.1) is

(3.4)
{
DDD
}
∪
{[
c11 0 −1 0
c21 c22 d −1

]
; d ≤ 0

}
.

Note that the first sets in (3.2) and (3.3) contain some separated BC’s.

Proof. i) By our assumption, Proposition 1.46 and Theorem 1.44, we have that
ζDDD0 > 0, which together with Lemma 1.49 yields that c12 > 0. From Lemma 1.19
we see that

(3.5) BR =
(
OR5 •C

)
∪
(
KR•C

)
∪
(
MR

•C
)
,

which directs our analysis of ζ0 on BR to each of the 3 subsets on the right-hand
side.

On the subset OR5 •C. Note that

(3.6) OR5 •C = {AAA(a1, b1, r); a1, b1, r ∈ R},
where

(3.7) AAA(a1, b1, r) =
[
a1c11 + c21 a1c12 + c22 r 0

rc11 rc12 b1 −1

]
.

By (4.32) and (4.31) in [3] and (2.1),

SR0 ∩
(
OR5 •C

)
=
(
SR•C

)
∩
(
OR5 •C

)
=
(
SR ∩ OR5

)
•C(3.8)

= {AAA(a1, b1, r); a1, b1, r ∈ R, a1 + b1 + 2r = 0},
where SR0 is the set of real selfadjoint BC’s at which 0 is an eigenvalue of (0.5), and,
by Remark 1.71,

(3.9) J R ∩
(
OR5 •C

)
= {AAA(−c22/c12, b1, r); b1, r ∈ R}.
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These 2 planes will be denoted by PR0 and PRJ , respectively. They divide OR5 •C '
R3 into 4 quarters. The continuity of ζ0 on BR \ J R and the fact that ζ0 6= 0 on
BR \ SR0 imply that on each (open) quarter, ζ0 is either always positive or always
negative.

Let ε > 0 be sufficiently small and consider

(3.10) AAA
(
ε− c22

c12
, 1
ε , 0
)

=
[
εc11c12 − 1 εc212 0 0

0 0 −1 ε

]
,

which lies above PR0 (i.e., in the region with r > −a1+b1
2 ) and in front of PRJ (i.e.,

in the region with a1 > − c22
c12

). We note that

(3.11) AAA
(
ε− c22

c12
, 1
ε , 0
)

= SSSα,β

for some α = α(ε) ∈ (0, π) and β = β(ε) ∈ (0, π) satisfying α→ π− and β → π− as
ε→ 0+. By Lemma 1.52,

(3.12) ζ0
(
AAA
(
ε− c22

c12
, 1
ε , 0
))
−→ −∞ as ε→ 0+.

Thus, ζ0 is always negative on the upper front quarter (i.e., the quarter with a1 >
−c22/c12 and a1 + b1 + 2r > 0). Alternatively, we consider the BC

(3.13) AAA
(
ε− c22

c12
, c22
c12
− 1

ε , 0
)

=
[
εc11c12 − 1 εc212 0 0

0 0 c12 − εc22 εc12

]
,

which lies below PR0 and in front of PRJ . As above,

(3.14) AAA
(
ε− c22

c12
, c22
c12
− 1

ε , 0
)

= SSSα̂,β̂

for some α̂ = α̂(ε) ∈ (0, π) and β̂ = β̂(ε) ∈ (0, π) satisfying α̂→ π− and β̂ → 0+ as
ε→ 0+. By Lemma 1.52 again,

(3.15) ζ0
(
AAA
(
ε− c22

c12
, c22
c12
− 1

ε , 0
))
−→ ζDDD0 > 0 as ε→ 0+.

Hence, ζ0 is always positive on the lower front quarter (i.e., the quarter with a1 >
−c22/c12 and a1 +b1 +2r < 0). Then, by the continuity of ζ0 away from J R, ζ0 = 0
on the (open) front half of PR0 (i.e., the half with a1 > −c22/c12).

We observe that DDD 6∈ PRJ . So, by Theorem 1.64, ζ0 is continuous on the closure
of one side of PRJ and negative at the BC’s in the remaining open side that are
sufficiently close to PRJ . From what is proven above we then conclude that

(3.16) ζ0 is continuous on {AAA(a1, b1, r); a1 ≥ −c22/c12}
and ζ0 < 0 when a1 < −c22/c12 is sufficiently close to −c22/c12, and hence on each
quarter behind PRJ . By the continuity of ζ0 away from J R again, ζ0 ≤ 0 on the back
half of PR0 (i.e., the half with a1 < −c22/c12). Suppose that there exists a BC BBB0

in the back half of PR0 such that ζ0(BBB0) = 0. Pick another BC BBB1 ∈ PR0 ∩ PRJ and
let {BBBs; 0 ≤ s ≤ 1} be the segment from BBB0 to BBB1. By the fact that ζ0(BBBs)→ −∞
as s→ 1− and the continuity of ζ0(BBBs) in s on [0, 1), we may assume without loss
of generality that ζ0(BBBs) < 0 for s ∈ (0, 1). Since 0 is an eigenvalue of (0.5) at each
BBBs, Lemma 1.49 then implies that ζ1(BBBs) = 0 for s ∈ (0, 1), and hence ζ1(BBB0) = 0,
i.e., 0 is a double eigenvalue of (0.5) at BBB0. By Theorems 4.1 and 5.5 in [3],

(3.17) BBB0 = [Ψ(b, 0) | − I] = [C | − I] 6∈ OR5 •C,
which is impossible. Thus, ζ0 < 0 on the back half of PR0 .

Therefore, ζ0(AAA(a1, b1, r)) > 0 if and only if a1 ≥ −c22/c12 and r < −(a1 +b1)/2,
while ζ0(AAA(a1, b1, r)) ≥ 0 if and only if a1 ≥ −c22/c12 and r ≤ −(a1 + b1)/2.
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On the subset KR•C. We note that

(3.18) KR•C = {EEE(a2, b2, r); a2, b2, r ∈ R, a2b2 = r2},
where

(3.19) EEE(a2, b2, r) =
[
c11 + a2c21 c12 + a2c22 0 r

rc21 rc22 −1 b2

]
.

Then, as in the previous case,

SR0 ∩
(
KR•C

)
= {EEE(a2, a2,−a2); a2 ∈ R},(3.20)

J R ∩
(
KR•C

)
= {EEE(a2, 0, 0); a2 ∈ R}.(3.21)

Consider a fixed BC EEE(a2, b2, r) ∈ KR•C.
If b2 = 0, then r = 0, and the BC is

(3.22) EEE(a2, 0, 0) =
[
c11 + a2c21 c12 + a2c22 0 0

0 0 −1 0

]
= SSSα,0

for some α = α(a2) ∈ (0, π]. Hence, by Theorem 2.2, this BC is LD for (0.1) if
and only if arccotc11

c12
< α ≤ π, and it is SLD for (0.1) if and only if arccotc11

c12
≤

α ≤ π. Observe that all the α’s in (0, π], except for the one α∗ determined by
(c221 + c222)(cosα∗, sinα∗) = ±(c21, c22), are used in (3.22).

Before going on to the remaining subcase, we pause to mention that for r 6= 0
and s > 1,

(3.23) EEE(a2s, b2s, r) = AAA(ã, b̃, r̃) ∈ OR5 •C,
where

(3.24) ã =
b2s

r2s2 − r2
, b̃ =

a2s

r2s2 − r2
, r̃ =

r

r2s2 − r2
,

and

(3.25) EEE(a2s, b2s, r) −→ EEE(a2, b2, r) as s→ 1+.

If b2 > 0 and r 6= 0, then we have that ã > −c22/c12 and ã + b̃ + 2r̃ > 0 for
s > 1 and sufficiently close to 1; if b2 < 0 and r 6= 0, then ã < −c22/c12 for s > 1
and sufficiently close to 1. What we have proven in the previous case implies that
when b2 6= 0 and r 6= 0,

(3.26) ζ0(AAA(ã, b̃, r̃)) < 0

for s > 1 and sufficiently close to 1. Thus, from the continuity of ζ0 on BR \J R we
conclude that if b2 6= 0, then

(3.27) ζ0(EEE(a2, b2, r)) ≤ 0.

To see when the equality holds, we only need to focus our attention further to
the BC’s EEE(a2, a2,−a2) in SR0 ∩

(
KR•C

)
with a2 6= 0. We note that when a2 is

sufficiently close to 0,

(3.28) EEE(a2, a2,−a2) =
[
(c11 + a2c21)h 1 0 −a2h

a2h 0 −1 a2c12h

]
,

where h = 1/(c12 + a2c22). Thus, when a2 ≤ 0 is sufficiently close to 0,

(3.29) EEE(a2, a2,−a2) ∈ GR−.
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So, by Theorem 1.64, ζ0(EEE(a2, a2,−a2)) and ζ1(EEE(a2, a2,−a2)) are continuous in
a2 on (−ε, 0] for some ε > 0, and hence on (−∞, 0]. Since

(3.30) EEE(0, 0, 0) =
[
c11 c12 0 0
0 0 −1 0

]
,

from Theorem 2.2 we know that ζ0(EEE(0, 0, 0)) = 0 and ζ1(EEE(0, 0, 0)) > 0. The fact
that 0 cannot be a double eigenvalue of (0.5) at EEE(a2, a2,−a2) then implies that
for a2 ∈ (−∞, 0),

(3.31) ζ0(EEE(a2, a2,−a2)) = 0, ζ1(EEE(a2, a2,−a2)) > 0.

Moreover, when a2 > 0 is sufficiently close to 0,

(3.32) EEE(a2, a2,−a2) ∈ GR+.

By Theorem 1.64 again and Lemma 1.49,

(3.33) ζ0(EEE(a2, a2,−a2)) < 0, ζ1(EEE(a2, a2,−a2)) = 0

for a2 > 0 sufficiently close to 0, and hence for all a2 ∈ (0,+∞). Therefore, for
EEE(a2, b2, r) ∈ KR•C with b2 6= 0,

(3.34) ζ0(EEE(a2, b2, r)) ≤ 0,

with equality holding only when a2 ∈ (−∞, 0), b2 = a2 and r = −a2, i.e., only
when

(3.35) EEE(a2, b2, r) =
[
c11 c12 −1 0
c21 c22 1/a2 −1

]
with a2 < 0.

On the subset MR
•C. As in the previous two cases, direct calculations yield

SR0 ∩
(
MR

•C
)

= {[C | − I]},(3.36)

J R ∩
(
MR

•C
)

= {ND•C} =
{[
c21 c22 0 0
0 0 −1 0

]}
.(3.37)

Note that ND•C = SSSα,0 for some α ∈ (0, π] and, by Theorem 2.2, it needs to
satisfy arccotc11

c12
< α ≤ π for left-definiteness and arccotc11

c12
≤ α ≤ π for semi-left-

definiteness.
The subset

(
MR \ {ND}

)
•C is part of the limit points of KR•C by Lemma 1.19,

and hence consists of limit points of

(3.38)
(
KR•C

)
\ {EEE(a2, 0, 0); a2 ∈ R}.

So, from the continuity of ζ0 at the points of
(
MR \{ND}

)
•C and the results of the

previous case, ζ0 ≤ 0 on
(
MR \ {ND}

)
•C. Moreover, by (3.35), or by Theorems

4.1 and 5.5 in [3] and Lemma 1.49 above,

(3.39) ζ0([C | − I]) = 0.

Therefore, ζ0 ≤ 0 on
(
MR \ {ND}

)
•C, and equality holds only at [C | − I].

ii) By our assumption, Proposition 1.46 and Theorem 1.44, ζDDD0 = 0. Then,
Lemma 1.49 and Corollary 2.20 imply that c11 < 0, c12 = 0 and c22 < 0. Therefore,
our conclusion follows from i) by taking the limit c12 → 0+, which can be obtained
by a perturbation of the SLE (0.1). �
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To end this section, we give the following continuation of Example 2.22.

Example 3.40. Assume that q ≡ 0. Then, by Example 2.22,

(3.41) C =
(

1 c
0 1

)
, where c =

∫ b

a

dt
p(t)

> 0.

Therefore, the set of real LD selfadjoint BC’s for (0.1) is{[
a1 a1c+ 1 r 0
r rc b1 −1

]
; a1 ≥ −

1
c
, r < −a1 + b1

2

}
(3.42)

∪
{
SSSα,0; arccot

1
c
< α ≤ π

}
,

and the set of real SLD selfadjoint BC’s for (0.1) is{[
a1 a1c+ 1 r 0
r rc b1 −1

]
; a1 ≥ −

1
c
, r ≤ −a1 + b1

2

}
(3.43)

∪
{
SSSα,0; arccot

1
c
≤ α ≤ π

}
∪
{[

1 c −1 0
0 1 d −1

]
; d ≤ 0

}
.

In particular, these sets are non-empty.

There is a remark similar to Remark 2.28 about the set (3.2) of real LD selfadjoint
BC’s and the set (3.3) of real SLD selfadjoint BC’s in general. We omit the details.

§4. Complex boundary conditions

In this section, we present the results in the most generality, i.e., determine all
LD selfadjoint BC’s. The proofs here are very similar to those in the previous
section, and hence are omitted. Recall again that the constant matrix C is defined
in (2.1).

Theorem 4.1. i) If the space BCL of left-definite selfadjoint boundary conditions
for (0.1) is non-empty, then

BCL =
{[
a1c11 + c21 a1c12 + c22 z 0

zc11 zc12 b1 −1

]
;

a1 ≥ −c22/c12

Re z < −(a1 + b1)/2

}
(4.2)

∪
{
SSSα,0; arccot

c11

c12
< α ≤ π

}
,

and the space BCSL of semi-left-definite selfadjoint boundary conditions for (0.1) is{[
a1c11 + c21 a1c12 + c22 z 0

zc11 zc12 b1 −1

]
; a1 ≥ −c22/c12

Re z ≤ −(a1 + b1)/2

}
(4.3)

∪
{
SSSα,0; arccot

c11

c12
≤ α ≤ π

}
∪
{[
c11 c12 −1 0
c21 c22 d −1

]
; d ≤ 0

}
.

ii) If BCL is empty and BCSL is not, then c11 < 0, c12 = 0, c22 = 1/c11 < 0 and

(4.4) BCL =
{
DDD
}
∪
{[
c11 0 −1 0
c21 c22 d −1

]
; d ≤ 0

}
.

Note that the first sets in the right-hand side of (4.2) and (4.3) contain some
separated BC’s. The following is a by-product of Theorem 4.1, part ii), and was
mentioned in the introduction.
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Corollary 4.5. For a given regular Sturm-Liouville equation with a positive leading
coefficient and a definite weight function, the collection of selfadjoint boundary
conditions whose first eigenvalue equals the first Dirichlet eigenvalue r0 is

(4.6)
{
DDD
}
∪
{[
ω11(b, r0) 0 −1 0
ω21(b, r0) ω22(b, r0) d −1

]
; d ≤ 0

}
,

where Ω = (ωij)2×2 is the principal matrix of the given Sturm-Liouville equation.

Proof. Without loss of generality, we assume that the given SLE is (0.5). If ζDDD0 = 0,
then our claim is just Theorem 4.1, part ii). In general, we consider the SLE

(4.7) −(py′)′ +
(
q − ζDDD0 |w|

)
y = ζ̃|w|y on (a, b),

whose first Dirichlet eigenvalue ζ̃DDD0 = 0. Thus, the collection of selfadjoint BC’s at
which the first eigenvalue of (4.7) equals 0, i.e., the collection of selfadjoint BC’s at
which the first eigenvalue of (0.5) equals ζDDD0 , is

(4.8)
{
DDD
}
∪
{[
c̃11 c̃12 −1 0
c̃21 c̃22 d −1

]
; d ≤ 0

}
,

where C̃ = Ψ̃(b, 0) with Ψ̃ being the principal matrix of (4.7). Since

(4.9) Ψ̃(t, ζ̃) = Ψ(t, ζ̃ + ζDDD0 )

for t ∈ [a, b] and ζ̃ ∈ R, the collection of selfadjoint BC’s at which the first eigenvalue
of (0.5) equals ζDDD0 is

(4.10)
{
DDD
}
∪
{[
ψ11(b, ζDDD0 ) ψ12(b, ζDDD0 ) −1 0
ψ21(b, ζDDD0 ) ψ22(b, ζDDD0 ) d −1

]
; d ≤ 0

}
.

By Lemma 1.49, ψ̃12(b, 0) = 0. Hence, ψ12(b, ζDDD0 ) = 0. This completes the proof.
�

Remark 4.11. Let T0 denote the minimal operator of the SLE (0.5) in the weighted
Hilbert space L2((a, b),C; |w|). Among all the selfadjoint extensions of T0, the
one most frequently used in applied mathematics and mathematical physics is the
so-called Friedrichs extension SF. Friedrichs’ celebrated construction of SF does
not explicitly refer to any BC, but it is known [7] that the BC corresponding
to this extension in the regular case considered here is the Dirichlet BC DDD. An
important property of SF is that it has the same lower bound as T0. However, this
property does not determine SF uniquely, i.e., in general there are other selfadjoint
extensions with the same lower bound as T0. Since this lower bound is the first
Dirichlet eigenvalue r0, we note that (4.6) characterizes all selfadjoint extensions of
T0 which have the same lower bound as T0.

We make some additional observations from (4.6).
i) For no separated selfadjoint BC other than DDD does the corresponding ex-

tension preserve the lower bound of T0.
ii) For no non-real coupled selfadjoint BC does the corresponding extension

preserve the lower bound of T0.
Thus, only extensions corresponding to some real coupled selfadjoint BC’s preserve
the lower bound of T0, and all those BC’s are given by (4.6).

To end this section, we have the following continuation of Examples 2.22 and
3.40.
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Example 4.12. Assume that q ≡ 0. Then, by Example 2.22,

(4.13) C =
(

1 c
0 1

)
, where c =

∫ b

a

dt
p(t)

> 0.

Therefore, the set of LD selfadjoint BC’s for (0.1) is{[
a1 a1c+ 1 z 0
z zc b1 −1

]
; a1 ≥ −

1
c
, Re z < −a1 + b1

2

}
(4.14)

∪
{
SSSα,0; arccot

1
c
< α ≤ π

}
,

and the set of SLD selfadjoint BC’s for (0.1) is{[
a1 a1c+ 1 z 0
z zc b1 −1

]
; a1 ≥ −

1
c
, Re z ≤ −a1 + b1

2

}
(4.15)

∪
{
SSSα,0; arccot

1
c
≤ α ≤ π

}
∪
{[

1 c −1 0
0 1 d −1

]
; d ≤ 0

}
.

In particular, these sets are non-empty.

There is a remark similar to Remark 2.28 about the set (4.2) of LD selfadjoint
BC’s and the set (4.3) of SLD selfadjoint BC’s in general. We omit the details.

§5. Geometric shape

In this section, we determine the shape of the spaces of the real and complex
selfadjoint BC’s for left-definiteness and semi-left-definiteness.

By the half-open two-vertex cone solid in R3 we will mean the set

(5.1)
{

(x, y, z) ∈ R3; x2 + y2 < 1, x2 + y2 ≤ z < 2− x2 − y2
}
,

and by the closed two-vertex cone solid in R3 the set

(5.2)
{

(x, y, z) ∈ R3; x2 + y2 ≤ 1, x2 + y2 ≤ z ≤ 2− x2 − y2
}
.

Theorem 5.3. If the space of real left-definite selfadjoint boundary conditions for
(0.1) is non-empty, then it is diffeomorphic to the half-open two-vertex cone solid
in R3, and the space of real semi-left-definite selfadjoint boundary conditions for
(0.1) is diffeomorphic to the closed two-vertex cone solid in R3.

Proof. We continue to use the notation introduced in the proof of Theorem 3.1,
and we set α0 = arccotc11

c12
. So,{

AAA
(
− c22

c12
, b1, r

)
; b1 ∈ R, r < c22

2c12
− b1

2

}
(5.4)

∪
{
AAA
(
a1, b1,−a1+b1

2

)
; a1 ≥ − c22

c12
, b1 ∈ R

}
is part of the boundary ∂BRL of the space BRL of real LD selfadjoint BC’s for (0.1),
while

(5.5)
{
AAA(a1, b1, r); a1 > − c22

c12
, r < −a1+b1

2

}
consists of interior points of BRL . If PPP∞ is in the closure of BRL , then there is a
sequence {PPPn}n≥1 of points in BRL that converges to PPP∞. The description of the
discontinuities of ζ0 on BRS in Theorem 1.64 and the fact that ζ0(PPPn) > 0 for n ≥ 1
imply that the sequence {PPPn}n≥1 approaches PPP∞ from the continuity side of PPP∞,
and hence ζ0(PPP∞) ≥ 0, i.e., PPP∞ belongs to the space BRSL of real SLD selfadjoint
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BC’s for (0.1). So, we have shown that the closure of BRL is contained in BRSL. Note
that

(5.6) AAA
(
− c22

c12
, b1, r

)
=
[
−1 0 c12r 0
c11r c12r b1 −1

]
.

Hence,

(5.7) lim
b1→−∞

AAA
(
− c22

c12
, b1, 0

)
=DDD = SSSπ,0.

When γ =: b1 + c11c12r
2 6= 0,

(5.8) AAA
(
− c22

c12
, b1, r

)
=
[
1 c212r

2/γ 0 −c12r/γ
0 −c12r/γ −1 1/γ

]
.

So, for τ < 0,

lim
r→±∞

AAA
(
− c22

c12
, τc12r

2, r
)

(5.9)

= lim
r→±∞

[
c11 + τ c12 0 −1/r

0 −1/r −c11 − τ 1/(c12r
2)

]
=
[
c11 + τ c12 0 0

0 0 −1 0

]
= SSSα,0,

where α = arccotc11+τ
c12

∈ (α0, π). Since τ < 0 is arbitrary, the above limit can be
any point in the set

{
SSSα,0; α0 < α ≤ π

}
. Hence,

(5.10) L :=
{
AAA
(
− c22

c12
, b1, r

)
; b1 ∈ R, r < c22

2c12
− b1

2

}
∪
{
SSSα,0; α0 < α ≤ π

}
is topologically an open disk in J R. Since ∂BRL is closed, we have that L ⊆ ∂BRL .

Figure 3. Separated part of the boundary as limit of the coupled
part of the boundary.
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Moreover, the limit

lim
b1→±∞

AAA
(
− c22
c12
, b1,

c22
2c12
− b1

2

)
(5.11)

= lim
b1→±∞

[
c11 c12 2b1c12/δ −2c12/δ
2/δ 0 −1 0

]
=
[
c11 c12 0 0
0 0 −1 0

]
= SSSα0,0,

where δ = c22− b1c12, and two more limits similar to (5.7) and (5.9) together yield
that

U :=
{
AAA
(
a1, b1,−a1+b1

2

)
; a1 ≥ − c22

c12
, b1 ∈ R

}
(5.12)

∪
{
SSSα0,0

}
∪
{[

c11 c12 −1 0
c21 c22 d −1

]
; d ≤ 0

}
⊆∂BRL

and is topologically a closed disk in SR0 . Hence, ∂BRL = L ∪ U . Since

(5.13) W :=
{
AAA
(
− c22
c12
, b1,

c22
2c12
− b1

2

)
; b1 ∈ R

}
∪
{
SSSα0,0

}
is a circle, BRL is homeomorphic to the half-open two-vertex cone solid in R3, and
BRSL to the closed two-vertex cone solid in R3.

It is shown in [3] that SR0 is a collapsed torus with [C | −I] ∈ U as its only singular
point. Similarly one can show that J R is a collapsed torus with DDD ∈ L as its only
singular point. Away from SSSα0,0, the curve W is smooth. Near SSSα0,0 = DDD•C, SR0
is the surface

(5.14) b2 = −a2 − 2s

in

(5.15) OR2 •C =
{[1 a2 0 s

0 s −1 b2

]
•C; a2, b2, s ∈ R

}
,

while J R is defined by

(5.16) b2 = c22s
2/(c12 + a2c22).

From (5.14) and (5.16) we see that SR0 and J R are transversal at SSSα0,0, i.e., the
point in OR2 •C with (a2, b2, s) = (0, 0, 0). Hence, as part of their intersection, W is
also smooth at SSSα0,0. Therefore, BRL is diffeomorphic to the half-open two-vertex
cone solid in R3, and BRSL to the closed two-vertex cone solid in R3. �

We use the graphs in Figure 4 to illustrate the shapes of the space BRL of real LD
selfadjoint BC’s for (0.1) and the space BRSL of real SLD selfadjoint BC’s for (0.1).

Remark 5.17. The part of BRL that is near DDD can be viewed very clearly in OR2 : it
is exactly IR− with part of its big end cut off (by the zero set of ζ0).

Similarly to the real case, by the half-open two-vertex cone solid in R4 we will
mean the set

(5.18)
{

(w, x, y, z) ∈ R4; w2 +x2 + y2 < 1, w2 +x2 + y2 ≤ z < 2−w2−x2− y2
}
,
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Figure 4. The Dirichlet boundary condition is left-definite.

and by the closed two-vertex cone solid in R4 the set

(5.19)
{

(w, x, y, z) ∈ R4; w2 +x2 + y2 ≤ 1, w2 +x2 + y2 ≤ z ≤ 2−w2−x2− y2
}
.

Moreover, we have the following result, whose proof is very similar that of Theorem
5.3 and hence is omitted.

Theorem 5.20. If the space of left-definite selfadjoint boundary conditions for
(0.1) is non-empty, then it is diffeomorphic to the half-open two-vertex cone solid
in R4, and the space of semi-left-definite selfadjoint boundary conditions for (0.1)
is diffeomorphic to the closed two-vertex cone solid in R4.

Finally, we turn to the case where the space of LD selfadjoint BC’s is empty and
the space of SLD selfadjoint BC’s is not.

Theorem 5.21. When BCL is empty and BCSL is not, i.e., when BRL is empty and BRSL

is not, BCSL = BRSL is a simple smooth curve joining the Dirichlet boundary condition
DDD to the unique boundary condition [C | − I] at which 0 is a double eigenvalue of
(0.1).

Proof. The curve is simple by (3.4) or (4.4). Also, it is smooth away from the end
point DDD. Since c11 < 0 in this case, we have that for any sufficiently large δ > 0,{

DDD
}
∪
{[
c11 0 −1 0
c21 c22 d −1

]
; d < −δ

}
(5.22)

=
{[

1 c22r 0 −r
0 −r −1 c11r

]
; 0 ≤ r < 1

c21 − c11δ

}
,

i.e., the curve is also smooth at DDD. By Theorems 4.1 and 5.5 in [3], [C | − I] is the
unique BC at which 0 is a double eigenvalue of (0.1). �
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